We construct a proposal for effective bosonic field theory at order α ′3 in twelve dimensions, whose compactification on a circle and on a torus respectively yields elevendimensional and type IIB supergravity theories at eight-derivative level. The couplings
Introduction
Type IIA and most of supergravity theories in lower dimensions can be obtained directly from eleven-dimensional supergravity [1] , which is a low-energy description of the Mtheory [2] , by applying the Kaluza-Klein (KK) reduction [3] on a compact circle. Unlike type IIA supergravity, the type IIB theory cannot be obtained by reduction of elevendimensional supergravity on a circle.
The SL(2, Z) symmetry of type IIB superstring theory, which is the modular group of a torus, provide strong evidence that the type IIB superstring theory in ten dimensions may have its origin in a twelve-dimensional theory known as F-theory [4] . It is shown that type IIB superstring theory is obtained by nonperturbative compactification of Ftheory on a torus for which the complex structure identified by axio-dilaton. In the other words, if one starts with twelve dimensions and compactifies on T 2 , then SL(2, Z) gets interpreted as the symmetry of the torus in ten dimensions. The dilaton field is not constant in these compactifications, and since the value of the dilaton determines the string coupling constant, thus these solutions cannot be studied perturbatively except in orientifolds [4] . The low-energy description of this theory is believed to be the twelvedimensional supergravity [5] [6] [7] [8] [9] [10] [11] [12] . Compactification of F-theory on various manifolds which leads to the theories in lower dimensions has also been studied in [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
Till now, there is no comprehensive theory of supergravity in twelve dimensions. Some proposals have been introduced, but it seems none of them is complete. Serious difficulties in writing the action such as the 12-dimensional minimal fermion for which should be a superpartner components with spin higher than 2 in four dimensions [23] as well as extra field degrees of freedom than elven-dimensional supergravity [10, 11] , make a big obstruction in writing the low-energy effective action of F-theory.
With the present understanding, it is believed that the 12-dimensional theory should contain type IIB field contents in D = 10 along with those of M-theory in D = 11. In the other words, there might exist a twelve-dimensional theory that could be compactified to ten dimensions on a torus, in such a way that type IIB supergravity could be extracted as a consistent truncation. The consistency of truncation is crucial, since the solutions of the type IIB supergravity will also be solutions of the equations of motion of the twelve-dimensional theory. The proposed twelve-dimensional action should also be able to consistently reproduce D = 11 supergravity action after compactification on a circle [9] .
The supergravity action in twelve dimensions also consists of the lowest-order action plus an infinite number of higher-derivative terms beyond the leading order [24, 26] . The higher-order terms of supergraity actions have also a significant importance in the study of particle interactions. The role of α ′ corrections to the supergravity actions is of crucial importance in the study of various physical phenomena. Imprints of string/M/F theory arise from corrections that are at higher order in α ′ . Upon reduction to four dimensions, such higher-order terms are of particular phenomenological interest [13, 25, 26] . Our main focus in this paper is α ′3 corrections to the effective action of F-theory. In [19, [26] [27] [28] [29] , there have been some efforts in deriving α ′3 corrections to low-energy effective action of F-theory.
In this paper, in fact we use the idea of Vafa's paper [4] and generalize it to the eight-derivative level. We use the KK procedure to find these corrections. We start with making an ansatz for various possible couplings in twelve dimensions and putting them under a consistent truncation to capture the possible ones in elven and ten dimensions. Then, we compare them with their counterparts in eleven-dimensional and type IIB supergravity to derive the eight-derivative couplings in twelve dimensions. To this end, we follow the approach introduced in [9] for a consistent truncation of the bosonic fields of lowest-order supergravity action in D = 12 to D = 11 and D = 10. We have already tested the correctness of our method in [38] where we have calculated the known gauge field corrections to eleven-dimensional supergravity [37] by a circular compactification to ten dimensions.
Let us now briefly review the bosonic sector of 12-dimensional supergravity action at leading order given in Ref. [9] . The twelve-dimensional Lagrangian density at leading order is given by where ψ is the dilaton, a 2 = − . The 4-form and 5-form field strengths in twelve dimensions are defined as: F 4 = dA 3 and G 5 = dB 4 , respectively. The coefficient λ can be obtained by comparison of the dimensionally-reduced Lagrangian in D = 11 with the bosonic sector of 11-dimensional supergravity, and it is √ 3/4. Thus, the bosonic field content of supergavity in twelve dimensions now includes the metric g M N , and the 3-form and 4-form potentials A 3 and B 4 .
As we know, the theories in D < 11 need real dilaton couplings, the theory in D = 11 itself needs zero dilaton coupling, and the theories in D > 11 need imaginary dilaton couplings. The imaginary couplings, regardless of being undesirable, are needed to make a consistent truncation to the fields of type IIB supergravity possible. In this paper, we drop the imaginary couplings, i.e., those contain axion and dilaton in twelve dimensions.
It has been shown in [9] that the truncation of the twelve-dimensional Lagrangian (1.1) to the type IIB theory in D = 10 is consistent only up to linear order when the 5-form field strength is involved. Since, as we will see in Sec. 3, the 12-dimensional 5-form field strength G 5 in D = 10 is given simply by F 5 = dB 4 without any Chern-Simons correction whereas the corresponding one in type IIB supergravity has a Chern-Simons correction as F 5 = dB 4 +λǫ ij dA (i) 2 ∧dA (j) 2 . Although, the equation of motion and Bianchi identity for G 5 makes we cannot in general, consistently impose the self-duality condition G 5 = ⋆G 5 , but the self-dual 5-form (G 5 +⋆G 5 ) satisfies precisely the same equation of motion and Bianchi identity as in type IIB supergravity. This is exactly the same condition we already have included manually in calculating the couplings containing the RR 5-form field strength F 5 in ten dimensions [34] [35] [36] 38] . As a result, one can expect that automatically obtain the self-dual couplings of 5-form field strength G 5 in twelve dimensions by comparing the truncated couplings with the corresponding ones containing the RR self-dual 5-form field strength in ten dimensions.
The structure of the paper is arranged as follows. First, we prepare an ansatz with unknown coefficients made of all possible contractions of tensors for various eight-derivative couplings in twelve dimensions. These bases are given in appendix. In Sec. 2, we provide a consistent truncation of these bases on a circle to obtain the couplings in D = 11. In Sec. 3, we make a toroidal compactification of the bases to find the couplings in D = 10. In the next sections we will find the 12-dimensional couplings (∂G 5 ) 2 R 2 , (∂F 4 ) 2 R 2 , (∂F 4 ) 4 , (∂G 5 ) 4 and (∂G 5 ) 2 (∂F 4 ) 2 , with this requirement that the couplings arising from reduction of the bases to D = 10 and D = 11, should be consistent with the corresponding known ones in type IIB and eleven-dimensional supergravity, respectively. Finally, Sec. 5 is devoted to discussion.
In this paper our notations on coordinate indices are: a,b,c,... for indices in twelve dimensions, a,b,c,... for indices in eleven dimensions, and a,b,c,... for indices in ten dimensions.
Reduction to eleven-dimensional supergravity
Let us first review the standard Kaluza-Klein procedure introduced in Ref. [9] to reduce the 12-dimensional theory, first to D = 11 and then, in the next section, to D = 10. In an obvious notation, F 4 reduces to F 4 , F
3 , F
2 ,... after compactification on internal circles labeled by i, j and G 5 similarly reduces to G 5 , G (i) 4 , G (ij) 3 ,.... The dimensional reduction of the Riemann curvature also gives rise to R 4 , R (i) 3 , R (ij) 2 ,.... Since the dimensionally-reduced theory in eleven dimensions contains more fields than ones in D = 11 supergravity, it is obvious that some of them must be set to zero. The crucial point is that this truncation must be consistent, i.e., setting the fields to zero must be consistent with their equations of motion. It has been shown that we may consistently set
(2.1)
Setting both field strengths in (2.1) to zero simultaneously follows from their equations of motion derived from dimensionally-reduced action at leading order. To obtain D = 11 supergravity, one should be able to reduce the remaining system of fields further, so that in particular we have only a single independent 4-form field strength, rather than two. In doing so, we take F 4 and G (1) 4 to be proportional, again to ensure that this truncation of the theory is consistent with the equations of motion. Thus one may define
where F 4 = dA 3 is the ordinary 4-form field strength of 11-dimensional supergravity. By applying the definitions (2.2), one arrives at a consistent truncation of the dimensionallyreduced theory in eleven dimensions at leading order. In the following, we are going to extend the above idea to make a consistent truncation of the eight-derivative couplings in 12-dimensional supergravity to D = 11. Our starting-points are the 12-dimensional bases given in appendix. First, we make the ansatz (A.1) for (∂G 5 ) 2 R 2 terms in the effective Lagrangian of F-theory at order α ′3 . Then, we consistently truncate it on a circle upon the above compactification rules to capture the coupling (∂F 4 ) 2 R 2 in eleven dimensions. Consequently, it takes the following form
In obtaining this result, we have taken the Riemann curvature in eleven dimensions as 12-dimensional one. In our notations this means R 4 = R 4 . This is plausible at least for linearized Riemann curvature where we have considered in this article. Now, we consider reduction of the basis (A.2) constructed of (∂F 4 ) 2 R 2 terms in 12-dimensional supergravity action. Dimensional reduction of the ansatz to eleven dimensions by compactifying it on a circle leads to (∂F 4 ) 2 R 2 terms based on the above compactification rules. It can easily be seen from Eq. (2.2) that (∂F 4 ) 2 R 2 coupling in eleven dimensions has the same structure as 12-dimensional one but with an overall factor 2/3.
A basis for (∂F 4 ) 4 terms in twelve dimensions is given by (A.3). Putting it under a circular reduction gives rise to (∂F 4 ) 4 coupling in eleven dimensions. According to Eqs. (2.1) and (2.2), we observe that this coupling has the same form as the ansatz (A.3) which is now multiplied by an overall factor 4/9 due to the rule (2.2).
In the following, we apply the same procedure to the basis (A.4) to derive the couplings in dimensionally-reduced theory. Reduction on a circle yields the terms (∂F 4 ) 4 which are given by In the next section we shall attempt the truncation of the 12-dimensional Lagrangians to give type IIB supergravity.
Reduction to type IIB supergravity
Here also we exploit the approach introduced in Ref. [9] for reduction of fields on a further circle. One can make a consistent truncation by setting to zero those field strengths that are not present in the field content of type IIB supergravity, i.e.,
As the eleven-dimensional case, it can be seen from the equations of motion for these fields that just when the conditions (3.1) are imposed, the truncation of these fields is a consistent one. By taking into account the Chern-Simons modifications to the various field strengths, one finds that the fields F are given by
These are precisely the same structures of the NSNS and RR 3-form field strengths respectively, in type IIB supergravity. i.e.,
Note that before applying the condition (3.1) to the Lagrangian obtained from toroidal reduction, there are in total three 3-form field strengths in dimensionally-reduced theory, that are G
is a singlet under the SL(2, R) symmetry, it is clear that it should be excluded from the 10-dimensional theory; the remaining two 3-form field strengths form the required doublet under SL(2, R). Furthermore, a consistent truncation to ten dimensions requires that the 5-form field strength G 5 is the ordinary RR 5-form in type IIB supergravity. i.e.,
This implies that the RR 5-form in type IIB theory is given at linear order, which is sufficient for the purposes we follow in this paper. Due to the reasons noted in the previous section, for the linearized Riemann curvature we can set R 4 = R 4 in dimensional reduction directly from twelve to ten dimensions. 2 R 2 terms are given by
At the following, we are going to examine KK reduction of the ansatz (A. Now, we consider a toroidal compactification of the basis (A.4). We find out that a consistent truncation to ten dimensions only gives rise to the coupling (∂F 5 )
4 which has the same form as the ansatz (A.4) in which the 5-form field strength G 5 is replaced by the RR 5-form F 5 .
Finally, by a consistent reduction of the 12-dimensional basis (A.5) to D = 10, we arrive at the couplings (
The former has the same form as the latter in which the Kalb-Ramond field strength H 3 is replaced by RR 3-form field strength F 3 . However, the (∂F 5 ) 2 (∂H 3 ) 2 part will be 
These conditions should also be able to ensure a consistent truncation to the couplings (2.3) in eleven dimensions. To justify this, we put them into the couplings (2.3) and rewrite the result in terms of independent variables. It can be seen that no unknown coefficient remains unfixed. This indicates that the above conditions properly fix the coefficients. Inserting the conditions (4.1) into the basis (A.1) yields
for the couplings between two 5-form field strengths and two Riemann curvatures in twelve dimensions. Note that in writing the above result, the self-duality condition is also imposed, automatically. Because the dimensionally-reduced coupling (∂F 5 ) 2 R 2 has been compared with the corresponding self-dual one in type IIB supergravity.
Two-four-form-two-Riemann-curvature corrections
Now we are in a position to determine the corrections consist of two 4-form field strengths and two Riemann tensors to the 12-dimensional supergravity action. As previously noted in Sec. 3, dimensional reduction of the ansatz (A.2) on a torus leads to the (∂H 3 ) 2 R 2 and (∂F 3 ) 2 R 2 couplings in 10-dimensional theory. It now should be possible to match the result (3.5) for the former with known expressions for the two-B-field-two-graviton amplitudes in type IIB superstring theory, where were computed along time ago by Gross and Sloan [30] . This fixes the unknown coefficients as By inserting the above conditions into the basis (A.2) and writing the result in terms of independent variables, we are left with some unknown coefficients that have not yet been fixed. This means there should be at least one extra constraint on the coefficients. The remaining coefficients can be found with this requirement that the (∂F 4 ) 2 R 2 couplings, arising from circular reduction of 12-dimensional theory, should be consistent with the corresponding ones in 11-dimensional supergravity. A precise investigation shows that this dimensionally-reduced coupling results from two contributions. The first one comes from reduction of the basis (A.2), which has the same structure as (∂F 4 ) 2 R 2 ansatz in twelve dimensions but with an overall factor 2/3, and the other one arises from reduction of (∂F 5 ) 2 R 2 terms to eleven dimensions which is given by (2.3). By adding these two contributions together and comparing the result with the corresponding expression in type IIB supergravity [37, 38] , one ends up with the following extra constraint on unknown coefficients
Applying the above two sets of conditions to the basis (A.2) properly gives the (∂F 4 ) 2 R 2 couplings in twelve dimensions, that are
Four-four-form corrections
To find the corrections including four 4-form field strengths to effective action of F-theory, we first match the coupling (∂F 3 ) 2 (∂H 3 ) 2 presented in (3.6), which has been obtained from toroidal reduction of the basis (A.3), with the corresponding one in type IIB supergravity founded in [32] [33] [34] [35] . This fixes the unknown coefficients to be Comparison of the dimensionally-reduced coupling (∂F 3 ) 4 with its 10-dimensional counterpart also yields the similar constraints. Before putting the above conditions into the basis (A.3), we have to make sure that they correctly gives the other couplings in eleven and ten dimensions. In doing so, we first substitute them into the (∂F 4 ) 4 coupling in eleven dimensions, which has the same structure as the 12-dimensional one, but with an overall factor 4/9. After writing the result in terms of independent variables, we observe that they exactly produces the known (∂F 4 ) 4 couplings in eleven dimensions obtained in [37, 38] . As a further consistency check, applying the constraints (4.6) to the couplings (3.7) also yields the correct result for (∂H 3 )
4 couplings in ten dimensions calculated in [30] . By inserting the above conditions into the basis (A.3), one ends up with the following coupling for four 4-form field strengths in twelve dimensions:
Four-five-form corrections
As already mentioned in Sec. 2, dimensional reduction of the 12-dimensional basis (A.4) on a 2-torus only gives rise the coupling (∂F 5 ) 4 in ten dimensions. It has the same form as (∂G 5 ) 4 in which the 5-form field strength G 5 is replaced by ordinary RR 5-form field strength F 5 in ten dimensions. The corresponding self-dual coupling in type IIB supergravity have been obtained previously in [32, 36] 
Before applying these conditions to the ansatz (A.4), we have to make sure that these conditions provide a consistent truncation to (∂F 4 ) 4 couplings in 11-dimensional supergravity. To this end, we first substitute them into the dimensionally-reduced coupling (2.4) and then write the result in terms of independent variables. We find out that no unfixed coefficient remains and as a result the above conditions precisely produce the (∂F 4 ) 4 couplings in 11-dimensional supergravity. This indicates that we are safe to apply the conditions (4.8) to obtain the (∂G 5 ) 4 couplings in twelve dimensions. In doing so, we put them into the basis (A.4). This leads to the following Lagrangian for (∂G 5 ) 4 in twelve dimensions:
(4.9)
Two-five-form-two-four-form corrections
Finally, we are going to find the couplings including two 5-form field strengths and two 4-form field strengths in the low-energy effective action of F-theory at eight-derivative level.
As discussed in Sec. By substituting these conditions into the ansatz (A.5) and writing it in terms of independent variables, it can be seen that the conditions above do not fix all unknown coefficients. To find the other ones, we use the fact that the ansatz (A.5) should also be able to produce the couplings (∂F 4 ) 4 in eleven dimensions. A detailed calculation shows that the (∂F 4 ) 4 terms in eleven dimensions arise from three distinct contributions. The first one is obtained from circular reduction of 12-dimensional (∂F 4 ) 4 couplings to eleven dimensions. The second one comes from compactification of (∂G 5 ) 4 on a circle, which is given by (2.4) and the last contribution results from reduction of the 12-dimensional basis (A.5) to eleven dimensions, i.e., the couplings (2.5). Adding these three contributions together, along with this constraint that the third part must satisfy the conditions (4.10), truly gives the coupling (∂F 4 ) 4 in eleven dimensions. The counterpart of this coupling in D = 11 has already been calculated in [37, 38] . Comparing them yields the following constraints on those coefficients which have not been fixed in conditions (4.10) The above two sets of conditions are direct consequence of consistent truncation of the 12-dimensional theory to ten and eleven dimensions, respectively. It is possible to substitute them into the basis (A.5) to find the couplings between two 5-form and two 4-form field strengths. By doing so, one arrives at:
hijk ,e G 5f hijk,g + 240F 4ae
This coupling obviously is self-dual, because the result is a consequence of comparison with the self-dual coupling in type IIB supergravity.
Discussion
In this paper, we have shown that there exists a possible candidate field theory for Ftheory at order α ′3 , whose dimensional reduction to D = 11 and D = 10 admits a consistent truncation to the bosonic sector of eleven-dimensional and type IIB supergravity theories. Let us conclude by discussing some issues and possible applications of our results.
As already discussed in [9] for 12-dimensional supergravity at leading order, we have obtained a twelve-dimensional theory at eight-derivative level that contains more bosonic degrees of freedom than are in its dimensionally-reduced M-theory or type IIB theory. Alternatively, one could choose an another method, and carry out precisely these field truncations already in twelve dimensions. But, they cannot be performed in a twelvedimensionally covariant manner, and thus this formulation of field theory in twelve dimensions would have only eleven-dimensional or ten-dimensional covariance. In summary, we have two ways in formulation of the theory, a covariant twelve-dimensional theory with extra degrees of freedom, or non-covariant one with the correct degrees of freedom. But in this paper we have employed the former, since the truncation required to obtain elevendimensional supergravity is different from the one required to obtain type IIB theory, it would sound that the two would only be unified in twelve dimensions if the covariant twelve-dimensional theory is taken as the starting point [9] .
Finally, let us comment on the applications of our results and future directions. It also would be interesting to obtain the couplings containing the axion and dilaton fields with the approach introduced in this paper. Upon compactification on elliptically fibered Calabi-Yau fourfolds, one can obtain the non-trivial vacuum for the axio-dilaton which leads to a new, N = 1, α ′3 correction to the four-dimensional effective action, as noted in [24] , which makes it phenomenologically attractive. One also can explore the implications of flux compactifications for the moduli-space problem [39] . Brane solutions and applications in cosmology will become interesting future directions.
Furthermore, it is possible to employ the algorithm introduced in [34] for reducing the number of terms of the couplings obtained in this paper and write them in its minimalterm form. This imposes all symmetries including mono-term (antisymmetry property of field potentials and symmetry property of graviton polarizations) as well as multi-term symmetries (the Bianchi identities for field strengths and Riemann tensors).
A The bases for higher-order terms
Here we collect the bases for higher-order terms that have been used in this paper, but due to their size are unpleasant to include in the main body of the paper.
There are 120 possible (∂G 5 ) 2 R 2 terms in the action, which satisfy the on-shell conditions, and those are:
where comma on the indices of field strengths refers to a partial derivative with respect to the index afterwards.
By imposing the linearised lowest-order equations of motion [37] , one obtains 24 possible terms of the form (∂F 4 ) 2 R 2 in the action 
+c 17
The basis for the (∂G 5 ) 4 terms consists, at least at on-shell level, of 109 elements: 
